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Abstract 
Here, the particle-wave duality principle is generalized to accommodate the non-relativistic 
quantum mechanics of interacting (correlated) particles. Through the creation and propagation 
of concurrent stochastic ensembles of walkers in physical and in Hilbert spaces one can 
correctly predict the ground state and the time evolution of a subsystem of a larger quantum 
system in a quantum Monte Carlo manner. It is shown that such walker ensembles can be 
constructed straightforwardly through a random sampling (windowing) applied to the mean-
field approximation. Our calculations reveal that although the resulting individual quantum 
trajectories may differ significantly from those predicted by the many-body Schrödinger 
equation, the evolution of the particle distribution and the decoherence due to the Coulomb 
interaction can be accounted for correctly using an explicitly parameterized quantum non-
locality.  
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1. Introduction 
According to the statistical interpretation of quantum mechanics the modulus square of the 
wave function which satisfies the Schrödinger equation gives the position probability density
( ) ( ) 2, ,P t tψ=r r  (e.g. in [1]). If the volume in space occupied by ( ),P tr  is filled by 
particle-like objects, ( ),P t dxdydzr would be the probability of finding a particle in the 
volume element dxdydz  around the point r, which corresponds to a position measurement. 
Unfortunately, the wave function is a physical object only for an isolated particle, while in the 
many-body case it is defined in configuration space which introduces both formal and 
computational difficulties in the quantum mechanics framework in that the solution of the 
many-body quantum problem by a classical computer requires effort which scales 
exponentially with the system size. While obvious for the many-body Schrödinger equation 
that exponential scaling concerns also the particle based methods (e.g. quantum Monte Carlo) 
and, in general, any method pursuing exact solution [2,3]. It is, therefore, natural that much 
effort has been devoted to reformulate quantum mechanics in terms of physical space (one-
body) wave functions which are easier to calculate under different conditions as required by 
the experiment. The most prominent of those are the Hartree-Fock and the density functional 
approximations. This kind of reduction of the many-body quantum problem to lower 
dimensionality comes, however, at the price of losing essential quantum properties such as the 
quantum correlations due to the particle interactions which are simply neglected in Hartree-
Fock and introduced semi-empirically in the density functional. This leads, for example, to 
inaccurate estimations of the ground state and/or binding energies of some atoms and 
molecules. The situation is somewhat improved with the help of quantum Monte Carlo 
(QMC) methods (e.g. [4]) where variationally optimized but essentially artificial many-body 
trial functions are used to guide the Monte Carlo walkers to their most energetically favorable 
positions in the presence of interaction potential. In this way very accurate estimates for the 
ground and excited state energies have been obtained, but the time evolution still remains 
beyond reach. Other accurate but numerically less efficient many-body methods involve 
multiple configurations [5]. It has been shown recently that by appropriately modifying the 
many-body quantum theory it is possible to reformulate the Schrödinger equation in a 
quantum Monte Carlo manner which allows for a real time evolution to be calculated very 
efficiently [6,7]. The method was named time dependent quantum Monte Carlo (TDQMC) 
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and it involves not only statistics of particles but also statistics of waves, such that both 
particles and waves evolve self-consistently in physical space-time.  
 
2. Unlocking the quantum correlations from the mean-field approximation 
As an example we start here with the many-body Schrödinger equation for N-electron 
atom in an external (electric) field: 
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where 1 2( , ,..., )N=R r r r and 1 2( , ,..., )N∇ = ∇ ∇ ∇ . The potential ( , )V tR   in Eq. (1) is a sum of 
electron-nuclear, electron-electron, and external potentials: 
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From here, we use as a starting point the mean-field approximation which can be derived 
either variationally or by substituting a simple representation of the many-body wave function 
expressed as a product of one-body wave functions: 
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in Eq.(1) and next integrating over the spatial variables except ir : 
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is the time dependent Hartree potential and we have neglected some independent on ir  phase 
terms in the RHS of Eq.(4). The fact that we assign a single wave function ( , )i i tϕ r  to the i-th 
electron implies that we presume that electron be in a pure state. It is clear however that, 
going beyond the mean-field approximation, the interaction of each electron with the rest of 
the electrons should, in principle, lead to a mixture of states due to the correlated electron 
motion, which remains hidden in the mean-field because the Hartree potential depends on the 
entire distribution 
2
( , )j j tϕ r for the j-th electron in Eq.(5). Therefore, in order to unlock the 
electron-electron correlations from the mean-field approximation we assume in TDQMC that 
portions of the i-th electron cloud may experience the Coulomb potential due to random parts 
of the j-th electron cloud. In other words, we introduce a random windowing of 
2
( , )j j tϕ r by a 
kernel function , ( ),k kj j jt σ  r rΚ  with a width 
k
jσ , centered at a point ( )kj tr , such that the 
product 2( , ) , ( ),k kj j j j jt t σ ϕ  r r rΚ  is different for each separate ( )
k
j tr . For example, for 
Gaussian kernel we have: 
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Then, the windowing kernel transforms the probability density under the integrals in Eq.(5) 
into a mixture of densities, according to the rule: 
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where starting from the mean-field probability density for the j-the electron we introduce first 
the probability densities for an ensemble of wave functions assigned to that electron in order 
to account for the quantum mixture which arises due to the quantum correlations. The second 
step in the chain of Eq.(7) defines the “windowing” where 
2
( , ) , ( ),k k kj j j j jt t σ ϕ  r r rΚ  is the 
“window” is space centered at ( )kj tr  and scaled by 
2
( , )kj j tϕ r . Then, substituting Eq.(7) into 
Eq.(5) introduces a new (effective) potential: 
 
( ) ( )22 1, ( , ) , ( ),
( , ) , ( ),
N
eff k k k
e e i j j j j j j e e i jk k kj i j j j j j j
V t d t t V
d t t
σ
σ
− −
≠
 = ϕ −  ϕ  
∑ ∫
∫
r r r r r r r
r r r r
Κ
Κ
, (8) 
 
which is different for each k and therefore transforms the mean-field equation, Eq.(4), into a 
set of equations for the different replicas ( , )ki i tϕ r  of the original wave function ( , )i i tϕ r : 
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The next key assumption in TDQMC is that the trajectories ( )kj tr  represent a set of M Monte 
Carlo walkers in physical space, each of which samples its own probability density given by 
2
( , )kj j tϕ r . This allows us to transform the integrals in Eq.(8) into sums according to the 
Monte Carlo integration rule (e.g. in [8], ch.1): 
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where: 
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The TDQMC equations for the wave functions, Eqs.(9)-(11), need to be complemented by 
equations of motion for the Monte Carlo walkers, where the most natural choice are the de 
Broglie-Bohm guiding equations (e.g. in [9]): 
 
( )
1Im ( , )
( , ) k
i i
k
ki
i i ik
i i t
d t
dt m t =
 
= ∇ ϕ 
ϕ  r r
r r
r

,       (12) 
 
where k=1,…,M denote the Monte Carlo walkers which describe the i-th quantum particle; 
i=1,…,N. Since the windowing parameter kjσ  in Eq.(10) determines the amount of walkers 
belonging to the j-th electron which contribute to the electron-electron potential experienced 
by the i-th electron, the parameter kjσ  is named in TDQMC the nonlocal quantum correlation 
length. Clearly, in the limiting case where 0kjσ → , the set of TDQMC equations (9) is 
transformed into a set of linear Schrödinger equations with a classical pair-wise potential 
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( ) ( ), ,eff ke e i e e i jV t V t− −  =  r r r , which overestimates the electron-electron repulsion. The opposite 
case where kjσ →∞  returns us to the mean-field approximation which underestimates the 
electron-electron repulsion (see also Eqs.(17)-(20) from [7]). It is physically justified to 
specify the parameter kjσ  to be proportional to some global statistical parameter which 
characterizes the coordinate uncertainty for each separate quantum particle, e.g. the kernel 
density estimation bandwidth (or simply the standard deviation ( )j tσ ) of the corresponding 
Monte Carlo sample, and to be inversely proportional to the average distance between the 
walkers for the different electrons. In case of strongly localized distributions for most of the 
time (e.g. in an atom), one can write: 
 
( ) ( ), .k kj j j jt tσ α σ=r ,         (13) 
 
where jα  is a variational parameter of the order of unity which can be determined by 
minimizing the ground state energy of the system under consideration. For practical 
implementation, it should be noted that a Monte Carlo sampling occurs during the preparation 
of the initial state of the system in accordance with a Markovian process [8]:  
 
k k
i id dt dtm
= +r v η  ,         (14) 
 
where kiv is the walker velocity calculated from Eq.(12) and η  is a random variable with zero 
mean and variance which tends to zero towards steady state. For imaginary time propagation 
the velocity kiv  in Eq.(14) can be set to zero. Note that the random motion of the walkers 
gives rise to random motion of the wave functions through the electron-electron potential in 
Eq.(9), and vice versa. Also, an importance sampling that involves branching (birth and death 
of couples of Monte Carlo particles and waves) was found to greatly improve the convergence 
and the accuracy of the TDQMC calculation during the preparation stage, similarly to in other 
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quantum Monte Carlo methods [8]. Once steady state is established the walkers are next 
guided by the corresponding wave functions (see Eq.(12)) for real time propagation, without 
any stochastic process involved. This contrasts other approaches which use stochastic wave 
functions, e.g. in the quantum jump method [10], where random component is introduced 
during the real time propagation of a small system connected to a reservoir.  
So far, we have reduced the many-body quantum problem to a set of one-body problems 
where for each quantum particle we have created two mutually connected statistical 
ensembles of Monte Carlo walkers, the one evolving in physical space through Eq.(12) and 
the other in Hilbert space through Eq.(9)-(11). In order to further clarify what is the overall 
effect of this strategy let us consider the equations of motion for the trajectories of the 
individual walkers which belong to the i-th electron: 
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and next compare these with the exact trajectories coming from the many-body Schrödinger 
equation (see e.g. [9]): 
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where ( , )R tR is the modulus of the many-body wave function , )tΨ(R  and the kinetic term in  
Eq.(15) presumes a factorization of the type ( )1 1 1,..., , ( , )... ( , )N N NR t R t R t=r r r r  in Eq.(16). It 
is clear from Eq.(15) and Eq.(16) that the reduction of the many-body Schrödinger equation to 
a set of coupled one-body equations occurs at the price of “shifting” the quantum non-locality 
from the first term in the RHS of Eq.(16), also known as the “quantum potential”, to the 
effective interaction potential effe eV −  in the RHS of Eq.(15), where the corresponding quantum 
potential has become “private”. In fact, we know that besides the exchange interactions, 
which are not considered here, the electron-electron Coulomb interaction is what entangles 
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the electron trajectories, and therefore the electron-electron potential appears to be the natural 
place where the quantum non-localities should reside, as in Eq.(15). Since the individual 
quantum trajectories are not observable, the key question here is whether the TDQMC 
equations (9)-(12) can predict probability distributions for the separate electrons close to those 
predicted by the many-body Schrödinger equation.  
 
3. Statistics of particles and waves 
 
It is seen from the previous section that the particle-wave duality can be reformulated for 
interacting particles where instead of stating that each quantum particle is guided by a guide 
wave we can say that each quantum particle is represented by a set of fictitious particles 
(walkers) whose distribution in physical space reproduces its probability density, and each of 
these walkers is guided by its own wave function (guide wave), as drawn schematically in 
Fig.1. Then, as indicated in Fig.1, for the mean-field approximation all walkers are guided by 
the same wave function and the electron is in a pure state. In other words, together with an 
ensemble of walkers in physical space, for each physical particle there exists a statistical 
ensemble of guide waves, which are different if that particle is in a mixed state. This, on the 
other hand, warrants the introduction of appropriate density matrices and correlation functions 
based on these guide waves. The definition of the density matrix in our case is simplified by 
the fact that the classical probability for occurrence of a given wave function (guide wave) 
from the mixture is imposed by the distribution of the Monte Carlo walkers in space and 
therefore we may construct the density matrix for each separate electron directly, e.g. by using 
a simple mean [11]: 
 
( ) *
1
1, , ( , ) ( , )
M
k k
i i i i i i i
k
t t t
M
ρ
=
′ ′= ϕ ϕ∑r r r r  ,       (17) 
 
without having to solve the von Neumann equation or the Lindblad equation. This is a 
significant progress since the standard calculation of the density matrix for a subsystem 
through a reduction of the density matrix of the whole system would require a lot more 
operations. Also, the above definition complies with the properties of a density matrix and it 
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provides correct values for the operator averages in coordinate representation. From a 
statistical viewpoint, the density matrix describes important properties of the ensemble of 
wave functions considered as random variables in Hilbert space, namely, it serves as the 
variance-covariance matrix where different definitions of a variance of an operator can be 
introduced (see e.g. [12]). It is clear, therefore, that the one-body density matrix of Eq.(17) 
may provide an instrumental approach to access probability densities and coherences for parts 
of a complex quantum system. For example, averages such as the dipole moment or the 
atomic ionization of an electron exposed to an external electric field can be calculated using 
either the walkers or the ensemble of waves provided by the TDQMC methodology, as 
demonstrated in the next section.  
Besides for the calculation of densities (distributions) the walker trajectories can be 
conveniently used to calculate various many-body effects without having to calculate multi-
dimensional integrals. For example, starting from the two-electron density: 
 
( )
2
2 1 2 3, , , ) ... Nt t d dρ = Ψ(∫r r R r r  ,                                                                               (18) 
 
one can determine the probability of two electrons being a given distance apart [13]: 
 
( ) ( )2 1 2 1 2 1 2( , ) , ,P t t d dρ δ= − −  ∫u r r r r u r r ,            (19)  
 
which, from Eq.(3), gives after a simple integration (for spherical symmetry): 
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where ( )12 1 2( ) ( )k k kr t t t= r - r ; i=1…M. In this way the pair density function for the electrons 
can be reduced to a kernel density estimation with kernel Kk  and bandwidth 12σ  over the 
ensemble of the distances between the corresponding Monte Carlo walkers. 
 
4. Numerical examples 
In order to compare the TDQMC results with the numerically exact solution of the many-
body Schrödinger equation here we employ a simplified model for one-dimensional helium 
atom with a soft core potential which has proven to be one of the most strongly correlated 
systems known (e.g. [14], atomic units are used henceforth): 
 
( ) ( )1 2 0 1 2 1 2 1 2, , ) , , , , )e e exti x x t H V x x V x x t x x tt −
∂
 Ψ( = + − + Ψ( ∂
,     (21) 
 
where the “free” Hamiltonian reads:  
 
2 2
0 2 2 2 2
1 2 1 2
1 1
2 2 1 1
a aH
x x x x
∂ ∂
= − − − −
∂ ∂ + +
,       (22) 
 
and the electron-electron interaction potential is given by: 
 
( )1 2 2
1 21 ( )
e e
bV x x
x x
− − =
+ −
 .        (23) 
 
The parameters a and b determine the strength of the electron-nuclear and electron-electron 
interaction, respectively. For helium in s-state (anti-parallel spins) we have a=2 and b=1 in 
Eqs.(22), (23). Then, the set of TDQMC equations (Eq.(9)-Eq.(11)) reads: 
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i=1,2; k=1,…,M, where the effective electron-electron potential is given by: 
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where: 
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Although the individual walker trajectories are not observable we first compare the evolution 
of a set of fifty walkers (out of total of 43 000 walkers and the same number of guide waves), 
prepared at the ground state of the atom ( ( ),ext iV x t =0), and next released to form free 
diffracting bundle of trajectories by setting a=0 in Eq.(24). The TDQMC trajectories are 
shown with red lines in Fig.2(a). The same fifty initial walkers are then used to calculate the 
“exact” trajectories through the two-body Schrödinger equation, Eq.(21), where the trajectory 
evolution (blue lines) is calculated using the two-body wave function: 
 
1 1 2 2
1 2
1 2 ( ); ( )
1Im ( , , )
( , , )
i
i
x x t x x t
dx x x t
dt x x t = =
 
= ∇ Ψ Ψ 
      (27) 
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 Figure 2(b) depicts the initial and the final trajectory density distributions in space from the 
TDQMC calculation (red) and from the “exact” trajectories (blue). The obvious result from 
Fig.2(a,b) is that although there is a significant difference between the exact and the 
approximate trajectories, and that difference increases almost exponentially with time, the 
final probability distributions match almost perfectly for the two cases. This result indicates 
that correct quantum probabilities can be obtained from many-body dynamics using consistent 
ensembles of Monte Carlo walkers in physical space and in Hilbert spaces, without invoking 
concepts which would directly relate the one-body wave function to its many-body 
counterpart such as, e.g., the “conditional wave function” used in Bohmian mechanics which 
is not supposed to evolve according to Schrödinger equation [15] and by definition faces the 
exponential scaling, unless approximation is made. 
As a different example, we calculate the ionization and the degree of quantum 
coherence of an electron in one-dimensional helium atom exposed to a strong few cycle laser 
pulse, using the diagonal and the off-diagonal elements of the density matrix, Eq.(17), 
respectively. The external potential in dipole approximation reads ( ) ( ),ext i iV x t x E t= −  where 
( )E t  is the incoming pulse with amplitude 0.16 a.u., carrier frequency 0.1 a.u. and duration of 
two periods of the carrier. Physically, during each half cycle the electric field pushes the 
electron cloud away from the core which corresponds to the steps in the ionization curves in 
Fig.3(a), while at the same time the electron loses coherence due to its scattering from the 
core potential and the electron-electron interaction (Fig.3(b)). It is seen from Fig.3(a,b) that 
both the ionization and the degree of coherence stay in close correspondence with the exact 
result (blue lines) which is calculated using the standard definition of the reduced (single-
electron) density matrix expressed through the two-body wave-function 1 2( , , )x x tΨ . This 
implies that, despite the huge number of essentially random wave functions involved in the 
TDQMC calculation, the elements of the resulting one-body density matrix are calculated 
with a very good accuracy. 
 
 
5. Conclusions 
Working in the frame of the standard quantum mechanics it is shown here that concurrent 
ensembles of quantum trajectories in physical and in Hilbert spaces can be introduced within 
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a time-dependent quantum Monte Carlo approach such that the spatial distributions predicted 
match well with the predictions of the many-body Schrodinger equation, although the 
individual trajectories may differ significantly. These distributions are calculated either by 
using kernel density estimation over the point-like walkers or by the diagonal elements of the 
density matrix constructed from the guiding wave-functions. The sum of the anti-diagonal 
elements of the density matrix correctly predicts the decoherence resulting from the 
interaction of an electron with a powerful laser pulse. Since the mass of the nucleus is much 
bigger than the electron mass, here we have considered the former to be a classical particle 
and thus we have neglected the electron-nuclear quantum correlations which, however, can be 
accounted for readily by including the nuclear wave functions in the product of Eq.(3), [16]. 
This implies that creating sufficiently rich statistics of walkers in physical and in Hilbert 
spaces for each quantum species can facilitate building an efficient approach to solving many-
body problems in quantum mechanics. 
 
 
6. Acknowledgment 
 
The author gratefully acknowledges support from the Bulgarian National Science Fund 
under grant FNI T02/10.  
 
 
 
 
 
 
 
 
 
 
 
 
14 
 
References: 
 
1. Schiff, L. I.: Quantum Mechanics. McGraw-Hill, New York (1955) 
2. Troyer, M., Wiese, U.: Computational complexity and fundamental limitations 
to fermionic quantum Monte Carlo simulations. Phys. Rev. Lett. 94, 170201 (2005) 
3. Montina, A.: Exponential complexity and ontological theories of quantum mechanics. 
Phys. Rev. A 77, 022104 (2008) 
4.  Austin, B. M., Zubarev, D. Y., Lester, W. A.: Quantum Monte Carlo and related 
approaches. Chemical Reviews 112, 263-288 (2012) 
5. Meyer, H. D., Manthe. U, Cederbaum, L. S.: The multi-configuration time dependent 
Hartree approach. Chem. Phys. Lett. 165, 73-78, (1990) 
6. Christov, I. P.:  Correlated non-perturbative electron dynamics with quantum 
trajectories. Opt. Express 14, 6906-6911 (2006) 
7. Christov, I. P.:  Dynamic correlations with time-dependent quantum Monte Carlo. J. 
Chem. Phys. 128, 244106 (2008) 
8. Hammond, B., Lester, W., Reynolds, P.: Monte Carlo Methods in Ab Initio Quantum 
Chemistry, World Scientific, Singapore (1994) 
9. Holland, P. R.: The Quantum Theory of Motion. Cambridge University Press, 
Cambridge (1993) 
10. Molmer, K., Castin, Y., Dalibard, J.: Monte Carlo wave-function method in quantum 
optics. J. Opt. Soc. Am. 10, 524-538 (1993) 
11. Christov, I. P.: Double-slit interference with charged particles: density matrices and 
decoherence from time-dependent quantum Monte Carlo. Phys. Scr. 91, 015402 
(2015) 
12. Breuer, H.-P., Petruccione, F.: The Theory of Open Quantum Systems. Oxford 
University Press, Oxford (2002), Ch.3 
13. Feynman, R. P.: Statistical Mechanics. Benjamin, Massachusetts (1972) 
14. Grobe, R., Eberly, J. H.: Photoelectron spectra for a two-electron system in a strong 
laser field. Phys. Rev. Lett. 68, 2905-2908 (1992) 
15. Durr, D., Goldstein, S., Zanghi, N.: Quantum equilibrium and the origin of absolute 
uncertainty. J. Stat. Phys. 67, 843-907 (1992) 
16. Christov, I. P.:  Molecular dynamics with time-dependent quantum Monte Carlo. J. 
Chem. Phys. 129, 214107 (2008) 
 
 
 
 
 
 
 
15 
 
Figure captions: 
 
Figure 1. Schematic of the transition from the mean-field approximation where all Monte 
Carlo walkers are guided by the same wave function to the TDQMC representation where 
each walker is guided by its own guide wave.  
Figure 2. Evolution of fifty individual trajectories produced from the ground state (after 
imaginary-time propagation) of one-dimensional helium atom, and next propagated in real 
time by turning the nuclear potential off – (a). Red lines – from the TDQMC calculation, blue 
lines – exact result, for the same initial walkers coordinates; (b) - initial and final distributions 
of the Monte Carlo walkers, after kernel density estimation.  
Figure 3. Survival probability for a single electron in one-dimensional helium atom exposed 
to a powerful ultra-short laser pulse – (a), and the quantum coherence calculated as sum of the 
anti-diagonal elements of the density matrix in coordinate representation – (b). Red lines – 
from TDQMC, blue lines – exact result.  
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